Measurement incompatibility is the most basic resource that distinguishes quantum from classical physics. Contextuality is the critical resource behind the power of some models of quantum computation and a necessary ingredient for many applications in quantum information. A fundamental problem is thus identifying when incompatibility produces contextuality. Here we show that, given a structure of incompatibility characterized by a graph in which nonadjacent vertices represent incompatible ideal measurements, the necessary and sufficient condition for the existence of a quantum realization producing contextuality is that this graph contains induced cycles of size larger than three. This result completes one by Ramanathan et al. [Phys. Rev. Lett. 109, 050404 (2012)], points out the fundamental importance of the results of Araújo et al. [Phys. Rev. A 88, 022118 (2013)], and allows us to identify all experimental scenarios with quantum contextuality, unveiling new interesting cases.
Measurement incompatibility is the most basic resource that distinguishes quantum from classical physics. Contextuality is the critical resource behind the power of some models of quantum computation and a necessary ingredient for many applications in quantum information. A fundamental problem is thus identifying when incompatibility produces contextuality. Here we show that, given a structure of incompatibility characterized by a graph in which nonadjacent vertices represent incompatible ideal measurements, the necessary and sufficient condition for the existence of a quantum realization producing contextuality is that this graph contains induced cycles of size larger than three. This result completes one by Ramanathan et Incompatibility vs contextuality.-Measurement incompatibility is arguably the most basic resource that distinguishes quantum from classical physics [1] . Recall that two measurements, A, with outcome set {a x } x∈X , and B, with outcome set {b y } y∈Y , are incompatible or not jointly measurable if there is no measurement C with outcome set {c x,y } x∈X,y∈Y such that, for all initial states ρ, P (a x |ρ) = y∈Y P (c x,y |ρ), for all outcomes a x , and P (b y |ρ) = x∈X P (c x,y |ρ), for all outcomes b y . Contextuality, i.e., the impossibility to assign pre-existing noncontextual outcomes to a set of ideal measurements [2] [3] [4] , is the critical resource behind the quantum advantage of some models of quantum computation [5, 6] and a necessary resource for device-independent quantum key distribution [7, 8] , quantum advantage in zero-error classical communication [9] , and some cryptographic protocols [10] . Contextuality occurs when the outcome statistics of an experiment involving several contexts (i.e., sets of compatible ideal measurements) cannot be explained with the assumption that the outcomes reveal preexisting values and are independent of the context. Ideal measurements are defined [11] as repeatable and minimally disturbing measurements such that each of their coarse-grainings has a realization that is repeatable and minimally disturbing. In classical physics, there are ideal measurements of every physical property. In quantum theory, ideal measurements are represented by projectors in a Hilbert space.
A fundamental problem is what is the relation between incompatibility and contextuality. Clearly, incompatibility is necessary for contextuality. Otherwise, if all measurements are compatible, then there is only one context. However, not every set of measurements that includes incompatible measurements produces contextuality. Therefore, the crucial question is what incompatibility structures can produce quantum contextuality and which ones cannot. Surprisingly, we have not found the answer to this question in the literature.
To make precise the notion of incompatibility structure, let us define the graph of compatibility of a set of measurements [12, 13] as the graph in which each vertex represents one of these measurements, adjacent vertices represent compatible measurements, and nonadjacent vertices represent incompatible measurements. Therefore, the problem is, given a graph of compatibility, what are the necessary and sufficient conditions for the existence of a quantum realization producing contextuality (i.e., violating a noncontextuality inequality with ideal measurements).
A first step to solve this problem was taken in Ref. [14] , where it is shown that, for any set of measurements whose corresponding compatibility graph is a chordal graph (i.e., does not contain induced cycles of size larger than three), there is always a joint probability distribution reproducing the quantum marginals. Therefore, in this case, all the quantum probabilities can be simulated by a noncontextual hidden variable model. Consequently, a necessary condition for quantum contextuality is that the graph of compatibility is not chordal.
Main result.-The aim of this article is to prove and explore the consequences of the following result.
Theorem. For a given graph of compatibility G(V, E) with vertex set V and edge set E, there is a set of projective quantum measurements M = {M i } i∈V satisfying the incompatibility/compatibility structure given by G(V, E) and producing contextuality if and only if G(V, E) is not a chordal graph.
Proof. That it is a necessary condition is proven in Ref. [14] . That it is sufficient can be proven as follows. Let
as its compatibility graph:
and M v0 = I d ⊗ j∈V1 P j , where d is the dimension of each of the elements in {M i } i∈V1 and I k is the identity operator
, and |ψ = (|0 + |1 )/ √ 2. By construction, the state ρ = ρ ⊗ j∈V1 |0 0| and the measurements M 1 = {M i } i∈V1 produce the same
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probabilities as the ones produced by ρ and M 1 . This implies that, if there is an induced subgraph of a given compatibility graph G that can produce contextuality, then the graph G can produce at least the same amount of contextuality. Now, note that if a compatibility graph G is not chordal, then it has induced cycles of size k ≥ 4. Let us suppose that c k is one of them. If we could find a set of measurements M c = {M i } i∈Vc whose compatibility graph were isomorphic to c k and that would produce contextuality, then, by the previous result, G would also produce contextuality (at least the same amount as the induced c k ), thus proving our claim. Explicit examples of sets of measurements satisfying all these requirements, for any k, can be found in Ref. [15] .
Classification of the scenarios with quantum contextuality.-Perhaps the most interesting consequence of the previous theorem is that it allows us to identify and classify all measurement scenarios in which incompatibility produces contextuality. A measurement scenario is defined as a set of ideal measurements, each of them with a certain number of outcomes, and their corresponding graph of compatibility. Assuming, for simplicity, that all the measurements have two outcomes, the theorem allows us to identify exhaustively all scenarios that can produce quantum contextuality with any fixed number k of ideal measurements. For that, it is enough to compute all nonchordal graphs with k vertices and avoid the cases in which one of the measurements is not needed for contextuality by removing those graphs in which one of the vertices does not belong to any cycle of length four or more. For k up to 6, the complete list of compatibility graphs corresponding to scenarios in which quantum contextuality can occur is shown in Fig. 1 . All these graphs can be realized in experiments with sequential measurements on single systems, like the experiments of Refs. [16] [17] [18] [19] . In addition, some of the graphs of compatibility can be realized in multipartite scenarios, since their sets of vertices can be divided into disjoint subsets, each subset corresponding to the measurements of one party and containing some nonadjacent vertices (i.e. incompatible measurements), and such that each vertex in a subset is adjacent to all vertices in the other subsets. According to this criterion, the graphs of compatibility that can produce quantum contextuality can be classified in three types:
(a) Those graphs that are complete n-partite, with n ≥ 2 (i.e., whose sets of vertices can be divided into n disjoint and independent subsets such that each vertex in a set is adjacent to all vertices in the other subsets), as the graphs in Fig. 1(a1)-(a5) . If n = 2, then the graphs have realizations as bipartite Bell inequality scenarios. For example, the graphs in Fig. 1(a1)-(a4) . If n = 3, then the graphs have realizations as tripartite Bell inequality scenarios. For example, the graph in Fig. 1(a5) . Quantum contextuality in these scenarios has been studied for decades under the name of Bell nonlocality. Specifically, the graph in Fig. 1(a1) has been studied in, e.g., Refs. [20] [21] [22] [23] [24] , the graphs in Fig. 1(a2) -(a3) in Ref. [25] , the graph in Fig. 1(a4) in Ref. [26] , and the graph in Fig. 1(a5) in Refs. [27] [28] [29] .
(b) Those graphs that have realizations as multipartite scenarios (since their vertices can be divided into disjoint sets, each of them containing some nonadjacent vertices, and such that each vertex in a subset is adjacent to all vertices in the other subsets), but in which at least one party has at least two measurements that are compatible (i.e., at least one of the subsets is not an independent set). These graphs are shown in Fig. 1(b1)-(b8) . So far, to our knowledge, these types of graphs have been considered only in relation with scenarios of nonlocality via local contextuality [30, 31] and monogamy between nonlocality and contextuality [32, 33] . Interestingly, so far, no scenario corresponding to the graphs shown in Fig. 1(b1)-(b8) has been investigated in detail.
(c) Those graphs that do not admit realizations as multipartite scenarios (since their sets of vertices cannot be divided into disjoint subsets containing some nonadjacent vertices and such that each vertex in a subset is adjacent to all vertices in the other subsets). These graphs are shown in Fig. 1(c1)-(c11) . The most famous of them is the pentagon shown in Fig. 1(c1) , which corresponds to the scenario studied by Klyachko, Can, Binicioglu, and Shumovsky [3] . In fact, to our knowledge, so far, only scenarios corresponding to this graph and the hexagon in Fig. 1(c2) have been studied in detail [15] . This shows the interest that our result has: It allows us to identify new simple scenarios that can produce quantum contextuality. Curiously, the first Bell inequality different than the Clauser-Horne-Shimony-Holt inequality, the two-party threesetting chained Bell inequality, proposed in Ref. [34] and rediscovered in Ref. [35] , is a tight noncontextuality inequality for a scenario corresponding to the hexagon in Fig. 1(c2) [15] , and not a tight Bell inequality for the two-party three-setting Bell scenario corresponding to the graph in Fig. 1(a4) . This shows that we have been studying interesting forms of contextuality for years without knowing it.
Conclusion.-We have proven a result which complements and completes the one by Ramanathan et al. in Ref. [14] . Our result is important because it explains what is the connection between the arguably most primitive form of nonclassicality-incompatibility-and the more elaborated form of nonclassicality used to prove the impossibility of hidden variables and explain the power of some quantum computers and some quantum information protocols-contextuality. We have proven that a necessary and sufficient condition for the existence of a quantum realization that cannot be explained with noncontextual hidden variables is that the graph of compatibility that encodes the relations of incompatibility between the measuremens is not cordal. Since being nonchordal implies containing induced cycles of size larger than three, this result points out the crucial role for quantum contextuality of the n-cycle compatibility scenarios with n ≥ 4 and their corresponding tight noncontextuality inequalities, thus vindicating the fundamental importance of previous results [15] . At the same time, our result shows that there are three types of scenarios producing quantum contextuality. One of them has been studied for decades, as it corresponds to Bell inequalities. Another one, corresponding to scenarios in FIG. 1. All graphs of compatibility corresponding to scenarios that can produce quantum contextuality with up to 6 ideal measurements. They can be classified in three types: (a1)-(a6) are those that can be realized in Bell inequality scenarios (dots of the same color denote measurements performed by the same party); (b1)-(b8) are those that can be realized in multipartite scenarios, but at the cost that at least one party has at least two compatible measurements, and (c1)-(c11) are those that cannot be realized in multipartite scenarios. Interestingly, measurement scenarios corresponding to the graphs (b1)-(b8) and (c3)-(c11) have never been studied (and, in particular, their tight noncontextuality inequalities and their corresponding maximum quantum violations remain to be investigated).
which the division of the measurements between two or more parties is impossible, has only attracted attention recently and only the case of the n-cycle compatibility scenarios has been investigated. In this respect, our result provides a tool that singles out all scenarios of this type. In addition, there is another type of scenarios in which the measurements can be distributed among the parties, but some of the parties have measurements that are compatible. These scenarios have appeared in proofs of nonlocality via local contextuality and in the investigation of the monogamy between nonlocality and contextuality. Here we have shown that, among the scenarios of this kind, there are also scenarios in which none of the parties has a set of measurements capable to locally produce contextuality (in contrast to what occurs in nonlocality via local contextuality and in monogamy between nonlocality and contextuality), thus revealing a truly new way of quantum contextuality that is worth closer examination.
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